In the paper the EPR-Bohm scenario will be reproduced in an algebraic quantum field theoretical setting with locally finite degrees of freedom. It will be shown that for a set of spatially separated correlating events (projections) maximally violating the Clauser-Horne inequality there can be given a common causal explanation if commutativity is abandoned between the common cause and the correlating events. Moreover, the noncommuting common cause will be local and supported in the common past of the correlating events.
Introduction
The central idea of algebraic quantum field theory is the representation of observables by a net of local C * -algebras associated to bounded regions of a spacetime (see (Haag, 1992) ). This correspondence is established via the standard axioms of the theory such as isotony, locality (also called Einstein causality or microcausality) and covariance. A state φ in such a local quantum theory is defined as a normalized positive linear functional on the quasilocal observable algebra A which is an inductive limit of local observable algebras. The representation π φ : A → B(H) corresponding to the state φ converts the net of C * -algebras into a net of von Neumann observable algebras by closures in the weak topology.
Since von Neumann algebras are rich in projections, they offer a nice representation of quantum events: projections can be interpreted as 0-1-valued observables and their expectation value defines the probability of the event that the observable takes on the value 1 in the appropriate quantum state. Although due to the axiom of locality two projections A and B commute if they are contained in local algebras supported in spacelike separated regions, they can still be correlating in a state φ, that is φ(AB) = φ(A)φ (B) in general. Due to their spacelike separated supports the correlation between these events is said to be superluminal. Since spacelike separation excludes direct causal influence, one may look for a causal explanation of these superluminal correlations in terms of common causes.
The first probabilistic definition of the common cause is due to Hans Reichenbach (1956) . Reichenbach's definition has been first generalized to algebraic quantum field theory by Rédei (1997 Rédei ( , 1998 and the question was posed whether superluminal correlations can be given a common causal explanation. As a positive answer, Summers (2002, 2007) have shown that in the von Neumann algebraic setting with type III local algebras there always exists a common cause commuting with the correlating projections in the union of their causal past called the weak past. Hofer-Szabó and Vecsernyés (2012a) have shown, however, that this is not a general fact in all local quantum theories: there exist correlations in algebraic quantum field theory with locally finite degrees of freedom for which no commutative common causal explanation can be given. Finally, Hofer-Szabó and Vecsernyés (2012b) have shown that by allowing common causes that do not commute with the correlating events the noncommutative version of the result of Rédei and Summers can be regained. In the same paper it also was argued why demanding commutativity between the common causes and the correlating events is unjustified and should be given up.
This paper is a further step into the investigation of noncommuting common causes: we will apply them for the common causal explanation of not one but several superluminal correlations together violating the Clauser-Horne inequality. To be more specific, consider four events A 1 , A 2 , B 1 and B 2 such that A m ∈ N (V A ) and B n ∈ N (V B ) (m, n = 1, 2) where N (V A ) and N (V B ) are von Neumann algebras supported in the spacelike separated regions V A and V B , respectively. Suppose that the four pairs {(A m , B n ) | m, n = 1, 2} are correlating in a state φ that is
Suppose furthermore that they violate the Clauser-Horne (CH) inequality (Clauser and Horne, 1974) defined as follows:
Sometimes in the EPR-Bell literature another Bell-type inequality is used instead of (2): the Clauser-Horne-Shimony-Holte (CHSH) inequality (Clauser, Horne, Shimony and Holt, 1969) defined in the following way:
where U Ai and U Bj are self-adjoint contractions (that is −1 U Am , U Bn 1 for m, n = 1, 2) located in N (V A ) and N (V B ), respectively. It is easy to show, however, that in a given state φ the set {(A m , B n ); m, n = 1, 2} violates the CH inequality (2) if and only if the set {(U Am , U Bn ); m, n = 1, 2} of self-adjoint contractions given by
violates the CHSH inequality (3). Therefore we will concentrate only on the CH-type Bell inequalities. A number of important results in (Summers, Werner 1988) , (Halvorson, Clifton 2000) prove that Poincaré covariant algebraic field theories abound in normal states establishing superluminal correlations between spacelike separated projections/contractions violating the CH/CHSH inequality.
Here we produce such states in algebraic field theories with locally finite degrees of freedom, namely in local UHF-type quantum theories (Hofer-Szabó and Vecsernyés, 2012b) . In this case the events A n and B m will be elements of such commuting local algebras N (V A ) and N (V B ) with spacelike separated supports V A and V B that are isomorphic to simple matrix algebras M A and M B . Moreover, they generate a tensor product algebra:
Thus the meaning of the mentioned inequalities can be enlightened in terms of quantum information theory (see for example (Horodeczki et al., 2009) ): The existence of a correlation (1) simply means that φ is not a product state on M A ⊗M B . Correlations can be obtained from separable states, i.e. from convex combination of product states. Since a simple matrix algebra admits a unique normalized trace, states can be uniquely given by density matrices. Hence, product states are characterized by tensor product density matrices and separable states are characterized by separable density matrices, i.e. by convex combinations of tensor product density matrices. Since in the real linear space of selfadjoint elements in M A ⊗ M B positive elements (M A ⊗ M B ) + form a self-dual cone with respect to the scalar product (H 1 , H 2 ) := T r(H 1 H 2 ), the (convex) set of states, that is the (convex) set of density matrices is even more rich: there also exist non-separable that is entangled states on M A ⊗ M B . This is due to the existence of positive elements in M A ⊗ M B that cannot be written as positive linear combinations of tensor product of positive elements in M A and M B . Entangled states lead to inherent and numerically stronger correlations among events contained in different tensor factors of M A ⊗ M B . Separable and entangled states can be distinguished by witness operators w ∈Ŝ \ (M A ⊗ M B ) + which are the nonpositive elements in the dual coneŜ of the cone S spanned by separable density matrices. Clearly, a witness operator w gives rise to inequalities since φ(w) ≥ 0 for any separable state φ on M A ⊗ M B . Basically, these properties are behind the inequalities for superluminal correlations discussed above.
Coming back to the superluminal correlations (1) violating the CH inequality (2)/CHSH inequality (3), it is well known that the violation of these inequalities leads to various no-go theorems excuding a local common causal explanation of the set (see for example (Shimony 2004 ) and the literature therein). However, all these common causal explanations assume that the common cause is commuting with the correlating events. Hence, a natural question arises: Does the noncommutative generalization of the common causes in algebraic quantum field theory give enough freedom to find noncommuting common causes for a set of correlations violating the CH/CHSH inequality?
In this paper we will answer this question in the affirmative by showing that the violation of the CH/CHSH inequality does not exclude the existence of a common causal explanation of the set of correlations in question if we abandon commutativity between the common cause and the outcome events. Moreover, in the given example the noncommuting common cause turns out to be local and supported in the common past i.e. in the intersection of the causal pasts of the correlating events.
In Section 2 we reproduce the EPR-Bohm scenario in the local quantum Ising model, which is a prototype of local UHF-type quantum theories. Giving a faithful state on the corresponding observable algebra we show that there is a set {(A m , B n ); m, n = 1, 2} of projections having such correlations that maximally violates the CH inequality. In Section 3 we introduce the main concepts of a common causal explanation of superluminal correlations and we explicitly construct a common cause of the above four correlations. We conclude in Section 4.
Correlations violating the Clauser-Horne inequality
Consider the net of 'intervals' (i, j) := {i, i + 
Now, the local algebras
CS are defined to be the linear span of the monoms 
(where i is the imaginary unit). They satisfy the same commutation relations like the Pauli matrices
) can be parametrized by a unit vector r = (r 1 , r 2 , r 3 ) in R 3 as follows:
and can be interpreted as the event localized in O j,j+ 1 2 pertaining to the generalized spin measurement in direction r.
Similarly, the 'three-point' algebra
is linearly spanned by the selfadjount unitary monoms
and any minimal projection in
) can be written in the form
where r is again a unit vector in R 3 . Since the local algebras A(O j,j− 1 2 +n ), i ∈ 1 2 Z for n ∈ N are isomorphic to the full matrix algebra M 2 n (C) the quasilocal observable algebra A is a uniformly hyperfinite (UHF) C * -algebra, which possesses a unique (non-degenerate) normalized trace Tr : A → C. Now, consider the subset K m of double cones in M 2 that are spanned by minimal double cones being integer time translates of those in K (Müller, Vecsernyés) and it also was shown that the extended net satisfies isotony, Einstein causality, algebraic Haag duality
and primitive causality:
Here V is a finite connected piece of a thickened Cauchy surface (composed of minimal double cones) and V ′′ denotes the double spacelike complement of V , which is the smallest double cone in K m containing V . 2 Moreover, the commuting (unit) time and (unit) space translation automorphisms β and α of the quasilocal algebra A act covariantly on the local algebras, i.e. {A(O), O ∈ K m } is a Z × Z-covariant local quantum theory. The causal time translation automorphisms β of A can be parametrized by θ 1 , θ 2 ; η 1 , η 2 with −π/2 < θ 1 , θ 2 ≤ π/2 and η 1 , η 2 ∈ {1, −1} and they are given on the algebraic generator set {U i ∈ A(O m i ), i ∈ 1 2 Z} of A. The automorphisms β = β(θ 1 , θ 2 , η 1 , η 2 ) of A corresponding to causal time translations by a unit read as
where x ∈ Z. It was also shown (see Müller, Vecsernyés) that the following algebra isomorphisms hold: If O ∈ K m is a double cone containing n + and n − minimal double cones in the right forward and left forward lightlike directions, respectively, then |A(O)|, the linear dimension of the corresponding local algebra is 2 n(O) , n(O) := n + + n − − 1 and
After this general introduction let us specify our model. Let O m (t, i) denote the minimal double cone with time t and space i coordinates of its center. Consider the double cones
2 )∪O m (0, 1) and the 'two-point' algebras A(O A ) and A(O B ) pertaining to them. Since they do not lie in the original Cauchy surface (see Fig. 2 ), where the generators U i , i ∈ 1 2 Z are supported, we have to use a causal time evolution β to give elements of them. Let A m ; m = 1, 2 and B n ; n = 1, 2 be minimal projections in A(O A ) and in A(O B ), respectively, given by
where a m = (a ) are four (m, n = 1, 2) unit vectors in R 3 . The state φ s on A will be given by a density matrix ρ s using the normalized trace on A:
to describe the usual 'singlet state' by restricting φ s to this subalgebra of A. That is in terms of matrix units e ij ∈ M 2 (C); i, j = 1, 2:
2 Since V / ∈ K we note that A(V ) is defined to be the C * -algebra in A generated by the algebras In terms of local generators the matrix units are given as e L/R 11
hence, substituting (20)- (23) in (19) one gets
Since ρ s is a scalar multiple of a minimal projection in A(O A ) ∨ A(O B ), the state φ s is not locally faithful. To get a locally faithful state one can use the convex combination
which gives back the singlet state for λ = 1. The correlation between A m and B n in the state φ(−) := T r(ρ−) is defined as the deviation from the product state value: (17)- (18) and (25) this correlation reads as
where , is the scalar product in R 3 . Therefore A m and B n will correlate whenever a m and b n are not orthogonal. Now, let a m and b n be chosen as follows:
For this setting the Clauser-Horne inequality (2) will be violated at the lower bound since
which is smaller than −1 if λ > 1 √ 2
. Or, equivalently, the Clauser-Horne-Shimony-Holte inequality (3) (with U Am and U Bn defined in (4)- (5)) will be violated for λ >
Both the CH and the CHSH inequality are maximally violated if λ = 1 that is for the 'singlet state', which is a maximally entangled state for M 2 (C) ⊗ M 2 (C). Then the question arises: Does the above set {(A m , B n ); m, n = 1, 2} violating the CH inequality have a common causal explanation? To answer this question we have to characterize what a common causal explanation consists in.
Noncommuting joint common causes for correlations violating the Clauser-Horne inequality
As mentioned in the Introduction, the first characterization of the common cause in terms of a classical probability measure space is due to Reichenbach (1956) . Although Reichenbach's original defintion is inappropriate to explain correlations in algebraic quantum field theory for several reasons (it is classical, it does not take into account the spacetime localization of the events, etc.; for details see (Hofer-Szabó and Vecsernyés, 2012a)), one can easily generalize the notion of the common cause for the non-classical case. Here we repeat only the definition given in (Hofer-Szabó and Vecsernyés, 2012a) because it also embraces the commuting common causes defined in (Rédei 1997 (Rédei , 1998 . Let P(N ) be the (non-distributive) lattice of projections (events) in a von Neumann algebra N and let φ : N → C be a state on it. A set of mutually orthogonal projections {C k } k∈K ⊂ P(N ) is called a partition of the unit 1 ∈ N if k C k = 1. Such a partition defines a conditional expectation
that is E is a unit preserving positive surjection onto the unital C * -subalgebra C ⊆ N obeying the bimodule property E(B 1 AB 2 ) = B 1 E(A)B 2 ; A ∈ N , B 1 , B 2 ∈ C. We note that C contains exactly those elements of N that commute with C k , k ∈ K. Since φ • E is also a state on N we can give the following Definition 1. A partition of the unit {C k } k∈K ⊂ P(N ) is said to be a common cause system of the commuting events A, B ∈ P(N ), which correlate in the state φ : N → C, if
for k ∈ K with φ(C k ) = 0. If C k commutes with both A and B for all k ∈ K we call {C k } k∈K a commuting common cause system, otherwise a noncommuting one. A common cause system of size |K| = 2 is called a common cause.
Some remarks are in place here. First, in case of a commuting common cause system φ • E can be replaced by φ in (35) since (φ • E)(ABC k ) = φ(ABC k ), k ∈ K. Second, using the decompositions of the unit, 1 = A + A ⊥ = B + B ⊥ , (35) can be rewritten in an equivalent form:
One can even allow here the case φ(C k ) = 0 since then both sides of (36) are zero.
We also have to specify the spacetime localization of the possible common causes of the correlations. One can define different pasts of the bounded contractible regions V 1 and V 2 in a spacetime S as:
where I − (V ) denotes the union of the backward light cones I − (x) of every point x in V (Rédei, Summers 2007) . Clearly, wpast ⊃ cpast ⊃ spast.
With these different localizations of the common cause in hand now we can define various common cause systems in local quantum theories according to (i) whether commutativity is required and (ii) where the common cause system is localized. Thus we can speak about commuting/noncommuting (weak/strong) common cause systems.
Since in our model of the previous Section we have not one pair of correlating events but four, we need also the notion of the joint 3 common cause system: Definition 2. Let {A(V ), V ∈ K} be the observable net in a local quantum theory and let {A m ; m = 1, . . . , M } and {B n ; n = 1, . . . , N } be finite sets of projections in the algebras A(V 1 ) and A(V 2 ), respectively, supported in spacelike separated regions V 1 , V 2 ∈ K. Suppose that all pair of spacelike separated projections (A m , B n ) correlate in a state φ of A. Then the set of correlations is said to possess a commuting/noncommuting (weak/strong) joint common cause system if there exists a single commuting/noncommuting (weak/strong) common cause system for all correlations (A m , B n ).
Having defined what a common causal explanation means we answer the question raised at the end of the previous Section in the affirmative: we explicitly contruct a noncommuting joint common cause for the set {(A m , B n ); m, n = 1, 2} of correlations violating the CH inequalities (2). First, observe that without specifying the dynamics we only can talk about weak (commuting or noncommuting) common cause or joint common cause. The reason for this is the following. To be able to talk about the correlation between A m and B n we need to consider a local algebra containing both A m and B n . To be able to talk about a common cause system {C k } of this correlation we need a local algebra that contains {C k } too. Let us consider the piece V w of a Cauchy surface contained in the weak past of O A and O B , which is the shadowed region in Fig. 3 , that is the support of a hypothetical weak common cause system {C k } of the correlation. Due to primitive causality the algebra corresponding to V w is equal to the algebra A(O w ), where O w := V 
where the last equality is due to time translation covariance. Thus for finding a joint common cause in the local quantum Ising model one has to specify the dynamics. Let us therefore choose a special set of dynamics by fixing two parameters of the causal dynamics: θ 2 = 0, η 2 = 1. By this choice the time translation automorphism (15) reads as follows:
for every x ∈ Z. This specification of the dynamics converts events A m and B n in (17)- (18) into
and the density matrix (25) into
Since O c := O A ∨ O B − (1, 0) is in the common past of O A and O B , it would be a possible choice for the support of a hypothetical joint common cause system. However, as it will turn out soon, using this dynamics we will be able to localize a (noncommuting) common cause {C, C ⊥ } of the correlation in a smaller spacetime region within O c , namely in Fig.  5 .) The common cause {C, C ⊥ } localized in O C will be the common cause system of all the four correlations {(A m , B n ); m, n = 1, 2}, i.e. {C, C ⊥ } serves as a joint common cause.
00000
Proof. C 1 ≡ C(c,c) and C 2 ≡ C ⊥ = C(−c, −c) are localized in the common past of the events A m and B n . So if they satisfy the criterium
for any k, m, n = 1, 2 then they qualify as a noncommuting joint common cause of the correlations {(A m , B n )}. (43) can be rewritten in the equivalent form:
where ρ k := 2C k ρC k . Using (41) and (42) 
which is non-zero for all a m and b n defined in (28)-(31) (if λ = 0). Therefore {C 1 , C 2 } is not a common cause of any of the correlations {(A m , B n ); m, n = 1, 2}.
Conclusions
In this paper it was shown that a set of correlations between spacelike separated projections maximally violating the Clauser-Horne inequality can be given a joint common causal explanation if common causes not commuting with the correlating events are allowed. Moreover, this noncommuting common cause could be located in the common past of the correlating events.
